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Abstract 

We show that the WKB approximation gives the exact result in the trace 
formula of U CQ N " , which is the non-compact counterpart of CP N , in terms 
of the "multi-periodic" coherent state. We revisit the symplectic 2-forms on 
CP N and CQ N and, especially, construct that on CQ N with the unitary form. 
We also revisit the exact calculation of the classical patition functions of them. 



1 Introduction 



Recently there have been many discussions |T|, |2|, [| [| on the system in which the WKB 
approximation gives the exact result (We call this fact as the "WKB-exactness" ) in path 
integral in connection with the Duistermaat-Heckman (DH) theorem || ||. As for our 
work we have shown that SU(2) spin and its non-compact counterpart 577(1, 1) are the 
WKB-exact in the path integral formulas constructed in terms of the spin coherent state 
with discrete time method J7J. We have also shown [R £| the WKB-exactness of their 
extensions; some unitary representations of U(N + 1) and U(N, 1), whose phase spaces 
are CP N and CQ N (the definition is given in section |j) respectively in terms of the 
generalized coherent states |10[ by the help of the Schwinger boson method ]ll| . 



Then there arises a question whether the WKB-exactness holds in some special co- 
herent states. It is important to investigate the WKB-exactness of the same systems 
in terms of other coherent states. With respect to the SU(2) spin, there is another ex- 



pression, the Nielsen- Rohrlich formula fl2fl , which is constructed in terms of the periodic 



coherent state 131. We have shown the WKB-exactness of the Nielsen- Rohrlich formula 



14j and its extension to U(N + 1) in terms of the "multi-periodic" coherent state [15] 



although their handling is more delicate than that of the generalized coherent state cases. 

In the fisrt half of this paper, we discuss the WKB-exactness in the trace formula of some 

representation of U(N, 1). 

In the latter half of this paper we revisit classical systems whose phase spaces are 

CP N and CQ N respectivly. We reconsider the symplectic 2-forms on CP N and CQ N . It 

is matter of course that they are easily constructed as we perform. As an alternative way, 

embedding CQ N to CP{l 2 {C)) skillfully, we construct the symplectic 2-form on CQ N 

by the pullback of CP(l 2 (C)). This embedding gives the unitary expression of CQ N . 

Thus we can comprehend the symplectic 2-forms on CP N and CQ N in a unified manner. 

Next we revisit the exact calculations of the classical partition function of CP N and 
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CQ N . The applications of DH theorem on classical systems had been already made to 
the flag manifold |16| . However the exact calculation which should be compared with the 



result of the stationary phase approximation is very complicated. We make an attempt 
to calculate the partition functions of CP N and CQ N by the direct calculation and by 
lifting to the Gaussian integral forms. The comparison between these two methods gives 
us deep understanding of the DH theorem. We also consider the construction of the 
partition function of CQ N by the pullback of CP(l 2 (C)). 

2 Trace Formula and the WKB-Exactness of Path 
Integral 

In this section we show the WKB-exactness of a representation of CQ N . In subsection 



2.1 we construct the trace formula by the help of the Schwinger boson method [11]. We 



calculate the trace formula exactly in subsection |2.2|. Then in subsection 2.3 we make the 



WKB approximation and compare the result with that of the exact calculation. 

2.1 Construction of the Trace Formula 

u(N, 1) algebra is defined by 

77 Q/3 = diag(l,---,l,-l) , 7,5 = 1, iV + 1) , (2.1) 

with a subsidiary condition 

N 

-Y,E aa + E N+ljN+1 = K , (K = N, N + 1, • • •) . (2.2) 

a=l 

We identify these generators with creation and annihilation operators of harmonic oscil- 
lator: 

E a B = c4t a /3> E aN+ i = aJ f a Ar+1 

t , (2-3) 
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where a, a* satisfy 

[a a , aj] = 1 , [a a , a^] = [a*, aj] = , 

(a,/3=l,2,...,JV + l) , (2.4) 

and the Fock space is 

{|ni,---,n JV +i)|ni,n 2 ,---,n J v + i = 0,1,2, •••} , 
\n 1 ,---,n N+1 ) = - 1 =,(al) Wl ---(ajy +1 ) WJV+1 |0,0, ■ ■ ■ , 0) . (2.5) 

The representation space is 

oo N N 

1 k= l n i> ■ ■ -i n N,K - 1 + £ n «)( n i> •• • , n N,K - 1 + £ n «l ' ( 2 - 6 ) 

{n}=0 a=l a=l 

where 

oo oo oo oo 

£ = ££•••£ • (2-7) 

{n}=0 ni=0n2=0 njv=0 

The "multi-periodic" coherent state is defined by 
\f) = \<Pir ••iVn) 



1 oo 

£ 



(K-l)\ 



(2ir) N/2 { ^ =0 \m 1 \---m N \(K-l + ZLi m a )\ 
x fl {e- m ^(E a>N+1 ) m «} |0, • • • , 0, K - 1) 

1 00 jv ^ 

= —1^ £ e^i^K-.m^if-l + ^m,), (2.8) 

l^ 71 ") {m}=0 a=l 

which has the periodic property 

|v?i, • • • , <p a + 2nvr, • • • , tp N ) = \tp x , ■ ■ ■ , tp a , ■ ■ • , tp N ) , (2.9) 
for each (p a (a — 1, • • • , N). These states satisfy the resolution of unity 

/•27T N 



Their inner product is 



(<p\<S) = £ e *£^i »-«*.-✓«.) . (2.11) 

(2tt) {m}=0 
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We adopt the Hamiltonian 



where 



Its matrix element is 



N+l 

H = ^ ] c a E aa 

a=l 

N 

= E ^aE aa + Kc N+ i , 
a=l 



= c a + Cat + i 



( N 8 \ 

(<p\H\<S) = ^ lia — + Kc N+1 j( t p\^) . 



X12) 



(2-13) 



(2.14) 



To construct a path integral formula, we rewrite the inner product ( |2.11| ), with the 
help of the formula 

e imip f(m) = / dpe ipiv+2nn) f(p) , 

™— ™„ — Jmn— en 



(0 < £ < 1) 



for mo, mi G Z , 



(2.15) 



to 



JV 



(*v> = n 



I 00 /"00 

2^ ^ dPc 



3«Pa(¥'a-</'a+ 2rl a7r) 



A' 



e n 



{n a }=-oo " £ ° a=l 

We make a change of variables such that 



2n 



1 1/1 

Pa = Pa + ~ , £ = -£0 + ~ , I < £ < ~ 



to obtain 

00 fOQ N 

{ip\<p')= £ / n#ae i £-=i^- 1/2)( ^-^ +2na7r) . 

{n Q }=— 00 e a=l 

The Feynman kernel is defined by 

K(<^,^;T)^ F |e-^ T |<^> 

= lim (^(l-iAiff)^) , (At = T/M) 



(2.16) 



(2.17) 



:2.1s) 



(2.19) 
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where cpj(ip F ) is the initial (final) state and T is time interval. By inserting the resolution 
of unity (|2.10| ) between each (1 — iAtH) of its product, the kernel becomes 



27T M-1 N 



i=l a=l 



d<p a (i) 
2tt 



M 



x U (<p(j)\(l - tAtH)\<p(j - 1)) 

3=1 



if{M)=if F 



(2.20) 



Each term of the product becomes 



(cp(j)\(l - iAtH)\<p(j - 1)} 

00 POO N N 

/ n dp a (j> i ^^i (Pa(i)+1/2){VQ(i)_ ^ (i_1)+2nc,(j)7r) 

1 ")}=-oo 6 a=l 
00 roo AT 

= y2 ]^ rfp a (j) e i E Q =i (Mi)+i/2)(Mi)-Mi-i)+2n Q (i)7r) 

Wj)}=-oo ^ «=1 

x exp - zAi j ^ // a (pa(j) - 2) + ^ C7V+1 } ' 



(2.21) 



where the primes of p's have been omitted and the explicit form of the inner product 
( |2.18| ) has been put in the first equality and 0(At 2 ) terms, which vanish in the M — ► 00 
limit, have been omitted in the second equality. Thus the kernel ( |2.20| ) is 



N 



x exp 



Q = l 



M 00 



n e j xx 

yi=l n a (i)=—oo J " i=l 1/6 j=l 



n 



Af 



: X/ _ 9 ) _ - 1) + 2n a (k)ix - At/i c 

fe=i ^ ^ 



lim e -^ c ^+ lT 



n 

a=l 



E 



Af-l j.„/ 



<(A/)=-oo - -°° i=l 27V J ° i=l 



M 



n d 4^L n*.o) 



x exp 



M / 1\ 

E - 2) - tifr - !) - A W 



¥ >' a (M)=(< Pi ,) Q! +2n' ct (M)7r 

(2.22) 

V'a(0)=(Vl) Q 



where changing variables 



<0) = E n «(0 > 

<^(*0 = ?«(*)+ 2n«(*V 



(2.23) 



which leads to 



<f a (k) - (p a (k - 1) + 2n a (k)n = <f' a (k) - ip' a (k - 1) 

00 /■2(na(i)+l)7T roo 

dWatf) = / dl P'a(i) , 
,., J2n a (i)iT J— 00 

n a («)=— 00 " v ' 



(2.24) 



has been made. To compare the kernel with that of the compact case, we further put 



Va{k) = cosh(9 a (k)) — 1 . 



(2.25) 



Finally we obtain 



K(cp F , iff, T) = lim e 

M^oo 



-iKc N+1 T 



N 

n 

a=l 



e 2 



fi a T 



E 



-if (^ q (M)-vj q (0)) 



n a (M )=— 00 



M-l 

n 



x exp 



i=i 2?r 70 3=1 

■ M 



nsinh(^(j))^ Q (j) 



^ cosh(0 a (fc))(^ Q (fc) - y? a (£; - 1) - A^ c 



k=l 



in the ^-expression. 

The trace formula is defined by 



,27T N 

Z = I n d^ a (v\e- iHT \v) 







N 



r 2ir JV 



From ( |2.26| ), the explicit form is 



N 



Z = lim e ~ lKcN ^ T TT 



^ dip a (M) 



a=l 



n a =— 00 



X 



/o 2tt 

M 

x exp 



M-l 



n 



d<p a (i) 



1 2tt Jo - =1 



-i3n a 7v 



M 



l[smh(9 a (j))d9 a (j) 



cosh(9 a (k))((p a (k) - ip a (k - 1) - At[x a ) 



k=l 



f a (M)=(ifi F ) a +2n a (M)n 

(2.26) 

¥>a(0) = (t£/) Q 



[2.27) 



. (2.28) 



^ Q (M)= VQ (0)+2n a 7r 



This is the trace formula of CQ N . 

Comparing ( [2.28] ) with the trace formula of CP N |15 



00 



00 



ni=— 00 njv=— 00 



x »i im n i /_ d MM) 



M^oo 



M 



2ra a 7r 



N 



( ■ »OiU) 

sin 

o 1 2 



N-l 



M-l N 

n n to*® 

i=l a=l 



xn a 

j=i { 

x • • • / sin 2 sm 9 N _i(j) 

Jo 2 Ztt Jo 



sin 0i (j) 

Mn-iU) r ■ 



sin 6>Ar(i) 



d8 N (j) 
2tt 



x exp 



2 ^LL 11 sm — — I cos 



M N I o-l 

ee n> 

fe=la=l \/3=l 



x(v9 Q (A;) - y? a (£; - 1) - Ai// a ) 

g 1 



tp a (0)=ipa(M)+2n a ir 



fi a = C a — Cjv+l , A = — 



(2.29) 



2 JV + 1 ' 

we find that ( 2.28 ) consists of the product of independent terms on a while ( 2.29Q does 



not. 



2.2 The Exact Calculation 



We calculate the trace formula exactly. In the p-expression the trace formula is 



JV 



Z = lim e - iKcN+lT TT 

M-+00 1 L 



x exp 



a=l Ln a =— 00 



2tt 



A f T 1 ^(i) * 

• = 1 27T 7o j=1 



II d Pa(j) 



r M 



: E \ P<x(k) ~ -J (</?<*(&) - <^a0 - 1) - At// a ) 



¥>c(M) = V3a(0) 



iV 



lim e "^+ lT TT 

Af->-oo A A . 

a=l L n a =—oD 



E 



X 



/O 27T ./ - >. 

M— I 

x exp 



M-l 

n 



II d Pa(j) 



1 2vr Jo fJi 

-»E(P«( k+1 )- Pa(k))ip a (k) + i( Pa (M) - p a (l))¥> a (M) 



fc=l 



A* 



+ip a (l) ■ 2n a 7T - zAt^ Q ^ p a (fc) 



fc=l 



Va (M)= ¥ 3 a (0) 



By rewriting the ^-integrals to the (^-functions, ( [2.30|) becomes 



A' 



Z = lim e' iKcN ^ T TT 



a=l 



00 

E e 

n a =— 00 



27T JO 



00 ilJ 

n 



i=i 



(2.30) 



x exp 

M-l 



M 



k=l 



(p a (M) - p a (l))<p a (M) +ip a {l) ' 2n a 1T - % Atfl a ^ p a (k) 

x n s( Pa (i+i)- Pa (i)) 



1=1 



N 



lim e - iKc ^ T TT 

a=l 



E 



-in a 7v 



dp a (M)e iMM)i2na7T -^ aT) 



(2.31) 



where p a (k)- and </?Q,(M)-integrals have been made in the second equality. Performing the 
p a (M)-integrals (We regularize ip a (M)(2n a ii — p, a T) — ► ip a (M)(2n a ii — p, a T + ie) for the 
p a (M)-integrals to converge.), we obtain 



N r 



Z = e ~ iKcN+lT J] 



a=l 



C2 



1 oo 



E 



n„=— oo 



2n a 7r + /i a T 



where we have changed n a — > —n a . By applying the formula (see Appendix [A]); 



oo gi2ri7re 



E 



-lifiE 



the final form becomes 



2n7r + p 1 - e"^ 

g-iXcjv+iT 



, (0 < e < 1) 



n«=i (1 - e-^ T ) 



(2.32) 



(2.33) 



(2.34) 



2.3 The WKB Approximation 



From the ^-expression of the trace formula (|2.28 ), we read the solutions of the equations 
of motion as 

a (k) = , (2.35) 

for all k with the </? a 's are arbitrary. We consider the WKB approximation as the large 
K expansion. We therefore make a change of variables such that 

9 a (k) = + x a (k)/VK . 



(2.36) 



The leading order term of the expansion becomes 



N 



Z Q = lim e - iKcN+lT TT 

M^oo 1 A ' 



a=l 



E 



M 



n 



n a =— oo 

M 



-?3n 



Jo 2tt 



n 



x exp 



i=i 271 Jo j= i 
. £ ^ + x^f ^ {(pa{k)(pa{k _ 1} _ At/iQ , 



2.37) 
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Putting 



we obtain 



y a (k) 



x a {k) 
2K 



(2.38) 



N 



7 jq = lim e 



-iKc N ,iT 



a=l 



oo 



n a =—oo 

M 



2tt 



o 2tt 



M-l 

n 

i=l 



d<p a (i) 
2tt 



X 



poo M r Af 

/ TT^"0) eX P * y2ya(k)((fi a (k) - V?a(A; - 1) ~ &tfl a ) 



lim e"^+ lT TT 



M^oo 



x exp 



a=l 



E 



i7r dy a (M) 

o 2tt 



2tt Jo 



, M 

n 



fc=l 



E ( _ 2 ' ^ a ^) - ^(/c - 1) - At/i a ) 



(2.39) 



f><£M)=<pJfi) 



Comparing (|2.39|) and the p-expression of the trace formula (|2.30|) , we find that they are 
quite the same. Thus without any explicit calculations we obtain the result of the WKB 
approximation; 



e ~iKc N+1 T 



and conclude that the WKB approximation gives the exact result. 



(2.40) 



3 Symplectic 2-Forms on CP N and CQ N Revisited 



So far we have dealt with quantum mechanics. In this section we revisit the (classical) 
symplectic 2-forms on CP N and CQ N . Especially we construct that on CQ N with the 
unitary form to comprehend symplectic 2-forms in a unified manner with that on CP N . 
CP N is defined by 

CP N = {P G M(N + 1;C)\P 2 = P,P f = P,trP = l} 
/I \ 



U 



V 

U{N+1) 
U(l) x U(N) ' 



u- 1 



U e U(N + 1) 



0/ 



(3.1) 



CP is connected and has N + 1 local chart: 



CP N = u 1 uu 2 u---uu J 



N+l 



(3.2) 



1 



An element P\ on JJ\ is 



i € 

and P Q on ?7 a (a = 2, • ■ ■ , N + 1) is obtained from P\ as 



(3.3) 



P a = AP X A- X 
1 



A EE 



1 



1 





V 



The symplectic 2- form on CP is defined by 



1/ 



(3.4) 



u CP N ee trPdP A dP , 

where it should be noted that this expression does not depend on any a. P in 
rewritten by 

i _£t\ n x /J _ € t\-i 



(3.5) 



is 



P 



iV 



,£ 1 

1 

S In 



OnJ U i 



N 



In + « f 



1 ^ 



(3.6) 
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dP 



(3.7) 



and then dP becomes 

Thus, substituting ( |3.6| ) and ( |3.7| ) into (^.5[), we obtain the explicit form of the symplectic 
2-form as 



Wcpjv = tr 



iV 



N 



1 + ^1 VA(ljv + ^ t )~ 1 ^ 



1 



-j— A 

rtt s 



1 + ^ 

where we have used the relation 



1 + W 



(liv + ^ f )~ 1 = 1n~ *(l + tf*) V = liv - j 
in the last equality. The volume form on CP N is then 



-l 







AT! 



AT+1 • 



CQ N is defined by 



C*g consists of two connected components; 

CQ N = CQl U CQ^ , 

f /I N 



«2+ = { 



V 



N 



CQ 1 ! 



V 

U(l) x Z7 (iV) 



V 



v- 1 



V e U(1,N) 



0/ 



^(C) = {z e C N \z^z < l} 



V- 1 



V G 17(1, AT) 



0/ 



(3.8) 



(3.9) 



(3.10) 



cg Ar = {geM(Ar + i;C)|g 2 = g,r ? gt r/ = g ) t r g = i} . (3.11) 



(3.12) 
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where 

U(1,N) = [V G M(N + 1;C)\V^7]V = 77} , (3.13) 

and 

»7 = diag(l,-l,..-,-l) . (3.14) 

We should note that although we have used, in section |2], rj = diag(l, • • • , 1, — 1) for 
consistency with the previous work ||, we use (|3.14j ) in this section. Hereafter we consider 
CQ+ part only and we write CQ+ as CQ N . CQ N has only one local chart 

« = T^C_"i)' (3 ' 15) 

where 

£ G D N . (3.16) 
The symplectic 2-form on CQ N is defined by 

oj CQ N = ti(QdQ A dQ) . (3.17) 

By a similar way with the CP N case, we calculate ( |3.17| ). Q is rewritten by 

Q= f 1 M f 1 )( 1 $ ) , (3-18) 
VI In J V On) \£ l N J 

and 

dQ= | "M, ^ ^ ^ U 1 M • (3.19) 



Thus the symplectic 2-form becomes 

( < i r w (i - "V a (u - « + ) w i € ^ 



^cq n — tr 



^-dtf A (I* + -^p-) ^ , (3.20) 



where we have used the relation 



(liv - « f ) _1 = U + l(l - C f £) V = liv + j^L • (3.21 
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Thus the volume form is 



= = ^Z^jNTi ■ ( 3 - 22 ) 

We have obtained the symplectic 2- forms on CP N and CQ N . The difference between 
them is sign of denominators. The expression of CP N is unitary, while that of CQ N is 
not unitary. Now we construct ujcqn from unitary form with taking account of the above 
difference. We embed CQ N to CP{l 2 (C)). CP(l 2 (C)) is defined by 

CP(l 2 (C)) = {Pe M(l 2 {C)) \P 2 = P, P f = P, trP = l} , (3.23) 

where 1 2 {C) is defined by 

l 2 (C) = {ze C°°\z^z < 00} , (3.24) 

and M(l 2 (C)) denotes whole matrices of bounded linear operators from l 2 (C) to l 2 (C). 
We put 

n ' -HVY. ... 



1 n «' 



1 + € + € \€ U 

loo / V Ooo/ \* lc 

The symplectic 2-form is defined by 

u = tiiPdP A dP 



(3.25) 



^u^i^m, (3 . 26 ) 

where the result of the CP N case, ( |3.8|) , has been put in the second equality. Hereafter 
we identify 1 2 {C) as the Fock space generated from C N ; 

l 2 (C) = C ®C N ®C N ®C N ®---® (C N )® n © • • • , (3.27) 
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and assign 



$ e D N . (3.28) 



Then noting that 



(3.29) 



and 



(1 - tt) 

^ = 7 Vti^^ . 

(1 - tt) 

d£ Adl = + jd£ f £ A , (3.30) 

(i a;) (i-^ 

we obtain the explicit form of ( p.26|) as 



CO 



izj^^ A ( 1n + r^i) ^ • (3,31) 



This result is quite the same with ( |3.20| ). The symplectic 2-form on CQ N has been 
constructed with the unitary expression. We note that the similar discussion for CP N is 
also possible. However the embedding of CP N to CP{l 2 {C)) is trivial: 



o 



(3.32) 



4 Classical Partition Functions on CP N and CQ N Re- 
visited 

In this section we revisit the classical partition functions of CP N and CQ N . We make 
the exact calculations of them directly. We also calculate them by lifting to the Gaussian 
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forms. 



4.1 The Partition Function of CP 



N 



In this subsection we construct the partition function of CP N and calculate it exactly. 
CP N is defined in Q. 

We construct the partition function of CP N . By putting 





z = U 



Uex 



an element of CP N becomes 



Now we define 



/I 



P = U 



U' 1 = zz ] . 



0/ 



(4.1) 



(4.2) 



and a map 



S, 



{zeC N+1 \z^z = l} 

{Ue^U G U(N+1)} 
U(N+1) 
U(N) ' 



7T : -> CP^ 



7T Z = 2Z 



(4.3) 



(4.4) 



3) indicates that 7r is an onto-mapping. Also 



7T 



7T Z 



(4.5) 



holds. Thus 7r induces the principal U(l) bundle. 



U(l) ^Sg ^ CP N 



(4.6) 
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We define a Hamiltonian as 



H = tr(Ph) 
= tr( zz^nj 



z^hz under z^z = 1 

|2 



N 

I 

a=0 



^ ^ 0« I %a | 



(4.7) 



where 



/0c 



0i 



V 



(0 < # < 0i < ■ • ■ < 



Nj 



Thus the "Gaussian form" of the partition function of CP N is defined by 
z = , Ug= dz* a dz a dX a - pH -ix(ztz-i) 



.N+l 



71 



N+l 



2tt 



exp 



N 



N 



a=0 



\a=0 



(4.9) 



To examine the equivalence between ( |4.9| ) and the standard form of the partition 
function which is given by 

J n CpN e- pt * Ph) , (4.10) 
we make a change of variables such that 



Z,a = Z a /Z , («= 1, • •-, N) 

1/2 



V = Z 0\Y1 \ Z a/ Z o\ 2 
\a=0 I 



(4.11) 



Equation (|4.9|) then becomes 

r°° d\ 



Ua=idCd£a f drj 2N 



x exp 



- P- 



2tt Jc" n N(i _|_ ^t^^ 1 Jc IT 

2 



00 + Ell |£a| ,2 .\ 



(4.12) 



16 



After integrating the angular part of r\ and writing the A-integral as the 5-function, we 
obtain 



c *wl+£t^ N+Ij ° 



pv- 



1+^ 



N+l eX P 



do + E«=i a \C 



P- 



|2. 



(4.13) 



where we have put r\ = \/ve % ^ . This is of course the standard form of the classical partition 
function of CP N . 

By the DH theorem, we evaluate || this integral, ( ^4.13| ), to 

p-pOa 



N 



z = J2 



P N m=o (6f3-e 



We calculate ( ^4 . 1 3| ) exactly. Making a change of variables such that 

Co = a/ u a e ^ , 



(4.14) 



(4.15) 



and performing ^-integrals, we obtain 

nli du c 



(i + Eti 



Oo + Eli a u 



1 "I" E Q =1 u a 



N+l ex P 



1 + 



(4.16) 



We will obtain ( |4.14j ) by mathematical induction for N. Changing variables such that 



leads to 



u a = t a u N , (a = 1, • • • , N - 1) , 

TV 
a=l 



<9(«i, • • • , Wat) 



AT-1 



d(t h ---,t N - h x) (i + ^ = -it c 



V ' 



(4.17) 



Zn+i(p; 0q,6i,---, 6 n ) 

,00 X N ~ 1 dx 



nli^c 



JV 
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x exp 



e )t c 



l + x 

00 x N ~ 1 dx 



I + y-JV-l f 



~ p0 ° I 7: nv+r^lPi— — A _ #o, • • •, On - 9o 

Jo (l + x) V l + x 



(4.18) 



where we have written Z as Z^+i(p', 9q, 61, ■ ■ ■ , 8^) to emphasize dependency on the pa- 
rameters. By assumption we put 



x 



%n Pt—^ — ; 81 — 80, ■ ■ ■ , On — 8[ 



g r l+x 



1+2- 

N 



N-l 



(0 Q -0 )} 



to obtain 



Zn+i(p', 0o,8i,"' , On) 



r a 



1 11/3=1 



dx 



P7f-(fla-e ) 



Oa) J0 (1 + 



p -p0o JV 



p 



N- 
1 



1 11/3=1 

/3^a 



^a) P(^-^O) 



S 11^=0 (#/3 - #o 



JV 

E 



°0 O 



/3#a 



ill 0=0 



Noting the relation (see Appendix 



N 

E 



1 n /3=o (6*/3 — o 

/3#« 



<?o) ' 



we finally obtain 



(4.19) 



(4.20) 



(4.21) 



Zn+i{p\ Oi, ■ ■ ■ , 



1 



-p6o 



N 



+ E 



-pOa 



11/3=1 (8/3 -8 ) Q=1 11/3=0 

/3^a 



JV 



JV E n /v 

P 01=0 11/3=0 



-pOa 



8. 



0^a 



(4.22) 



Equation ( 4.22|) coincides with the result of the DH theorem. In other words the DH 
theorem holds in the partition function of CP N . 
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Next we calculate (|4.9|) . To obtain Q4.13Q , we perform the A-integral in (|4.9| ). Now we 
perform the ^-integrals, which are the Gaussian, before the A-integrals to obtain 

r°° dX 



-,\ I Ha=0 dz^dZa 



-oo 2rc 



00 d\ N 



7T 



1 



N+l 



exp 



N 



J2 {p9 a + i\)\; 



a=0 



-00 2ix p9 a + iX 

( |4.23| ) is easily calculated by contour integral to be 



(4.23) 



N 

Res *= 


-ipQa 


N 








N 


N 


1 


a=0 


n 

/3=0 
0^ 



+ iz 



(4.24) 



Of course this result coincides with ( (4.22j ). We note that (^4.22|) (and (|4.24|) ) can be written 
by the determinant form 





e -p0o 


e -p0i . 






1 


1 


1 






1 


1 


1 






9i ■ 


On 




9o 


9l ■ 




/ 




o\ ■ 


0% 


(4.25) 




or 2 


e^- 2 ■ 


nN-2 
■ N 




et 1 




nN-l 
■ U N 





4.2 The Partition Function of CQ N 

In this subsection we construct the partition function of CQ N and calculate it exactly. 
CQ N is defined in (|3.11| ). By putting 

/!\ 




z = V 



Ve 1 



(4.26) 



Vo7 



an element of CQ N becomes 





V 



v- 1 = V 



0/ 



/I \ 



0/ 



zz'r] 



(4.27) 
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where we have used V 1 = tjV't) in ( |3.13| ). Then we define 



Q% = {z e C N+1 \z^z = l} 
= {Ve^V G U(1,N)} 

U(N) ' 



and a map 



7T : Q% -> CQ^, tt(z) = 22^ 
From (|4.27| ), we find that 7r is onto-mapping. Also 



7T e 2: = TT(Z 



holds. Thus 7r induces the principal U(l) bundle; 



U(l) ^Qc ^ CQ N 



We define a Hamiltonian as 



H = trQh 
= ti(zz'r)h 



where we have put 



and 



f0 



h 



^■qhz under z'r]z = 1 

Q = zz^r] , 
\ 



0i 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



(4.32) 



(4.33) 



> 0i > • ■ ■ > 9 N > 0) . 



(4.34) 



V 6n ) 

We should pay attention to the ordering of a 's. (See 



is 



N 



H = \z \ 2 — ^2,0 a \ 



D.) The explicit form of fl02l) 



(4.35) 



a=l 
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Thus the "Gaussian form" of the partition function of CQ is defined by 



lla:=0 dZ a d,Z a 



N+l 



I 



n 



7T 

N dz*dz 

a=0 a ^ a U/i a 



TV 



N+l 



00 2tt 
00 dX 



a± p -p(e ko| 2 -E; =a e a |, a | 2 )+iA(| Zo | 2 -E; =a i*-i a -i) 



-00 27T 



(4.36) 



To examine the equivalence between ( |4.36| ) and the standard form, we make a change 
of variables such that 



N 



\ 1 - \ Z a/zo\ 2 
\ a=l 



C — z 0* 

£ a = z a /z , (a = 1, • • • ,N) 



Equation (|4 . 3 6|) then becomes 



'(!-«•€ 



AT+1 



^(ICI 1 

7T V 



x exp 



pICI 



2 ^0 — Eq=l 



Putting £ = ^Jre l<p and integrating with respect to r and </?, we obtain 



JV+1 KX P 



y - <L a =l V a t, a Ka 



P- 



1-^ 



This is the standard form of the classical partition function of CQ N . 

Now we calculate ( f4.39| ) directly. Making a change of variables such that 



and performing <£> a -integrals, we obtain 

Ila=i du a 



Ufa 



N + l 



n% =1 du 



exp 



P- 



@ — £ a= l dgU 
1 E =l u a 



T exp 



Eli (0o - a )u c 



- P 



Then putting 



1 Eq.=1 

d(u u ■■■,%) 

9(xi, • • -,x N ) 



[l<a<N) 
1 



1 



iV+1 



(4.37) 



(4.38) 



(4.39) 



(4.40) 



(4.41) 



(4.42) 
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leads to 



Z = e 



,00 N r N 



(4.43) 



This is the exact result, which corresponds to ( }4.22| ) in CP N case. 
Next we perform the zo-integral as the Gaussian in ( |4.36| ); 



dz*dz a c z* n (pe a -i\) Za 

71 



" J J / az a az «„ 
a=l ■ 



71 



(4.44) 



where we have made residue calculations with respect to A in the second equality. Noting 
that #0 — 9 a > 0, we perform the ^-integral to find 

1 



Z = e- p9 °- 



lCiP(0O-0c 



(4.45) 



This result corresponds to ( 4.24|) in CP N case and, of course, coincides with Q4.43| ). We 
note that, as similar with CP N case, ( |4.25| ), ( 4.43p (or ( f4.45| )) can be written by the 
determinant form 



e -p6o 
1 1 

Q N-2 qN-2 



01 





1 

On 

iN-2 
1 N 



1 

01 



1 

01 



1 



iN-l qN-1 



0i 



7 JV 



0% 



qN-1 
1 N 



(4.46) 



4.3 The Partition Function of CQ N from the "Universal" Parti- 
tion Function of CP(l 2 (C)) 

In this subsection we construct the partition function of CQ N by means of the notion 
developed in the last part of the previous section, that is, the embedding of CQ N to 
CP(l 2 (C)). CP(l 2 (C)) is defined in (ggSfl and the symplectic 2-form is in ( ggjj ). Since 
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the "Liouville measure", lirriAr^oo u N /N\, diverges, there needs some regularization. If it 
is possible, the "universal" partition function is defined by 



dv CP[P{c)) (P)e-^ PH ) , (4.47) 

where dvcp(p{c)) is a regularized measure. Unfortunately we do not know whether ( |4.47|) 
can be defined, however we can define the pullback to CQ N . The definition of CQ N is 
given in ( |3.11|) and the symplectic 2-form of CQ N is given in ( 3.17|) . Thus we obtain 



/ , N r, N 

UJ CQ N _ U CP{l'HC)) 



(4.48) 



N\ N\ 

by (|3T3ll ). Hamiltonian of CQ N is given in QOg) . We define a Hamiltonian of CP{l 2 (C)) 
from that of CQ N such that 



/e 



H 



\ 



2^o 1 n — 9 



n-2 



(n9 l N - (n- 1)0) ®1 N ®---®1 N 



where 



On J 



Using the explicit form of P in ( |3.25| ) 



P 



i 

(1 



(l " ft 



(«*)' 



(n-1) 



V 



■■■/ 



*, * * denote unnecessary elements for later calculation 



(4.49) 



(4.50) 



(4.51) 
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we obtain 



n-2 



n-1 



tr(Ptf) = (l - ft) O + £ { n o g£ _ ( n _ i)|t^} ^) 

L n=2 

oo 

= (i-^)(f -^)E"(^ 

n=l 

_ #0 ~ Eg=l Qa\tja\ 2 
1 — E Q =1 \£,a\ 2 

This is nothing but tr(QH) on CQ N . Thus we obtain the partition function; 



Z = 



D" n N 



iV+1 



exp 



- P 



1-^ 



which is just the partition function of CQ N , (|4.39|) . 



(4.52) 



(4.53) 



5 Discussion 

We have examined the WKB-exactness of the trace formula of some representation of 
U(N, 1) in terms of the multi-periodic coherent state as an extension of our previous works. 
We will be able to examine the WKB-exactness of trace formulas in some representations 
of more complex manifolds such as the flag manifold in some coherent states. However all 
of the coherent states will not lead to the WKB-exactness although it holds in the same 
Hamiltonian with some coherent states. It is interesting that what classes of coherent 
states lead to the WKB-exactness. 

We have performed the exact calculations of the classical partition functions of CP N 
and CQ N directly and by lifting to the Gaussian forms. These discussions will be extended 
to the Grassmann manifold straightforwardly |I7| . Also it may be applied to the flag 
manifold. 
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Appendix 
A The Proof of ( ggg ) 

We prove the formula, 

oo i2nne j p —ife 

Y— = — -,(0<e<l). (A.l) 

Consider the function 

f( x ) = e ~^ x , (0 < x < 1) , (A.2) 
and expand it as the Fourier series: 



e 



-icpx 



E ■ (A.3) 



Its coefficient is then read as 



i 

ilirnx — i<px 



f n = / dxe~ tZ7Tnx e 
o 

1 - e-*e 



i(2nn + cp) 

Thus O is 



e -iipx 



g— tip oo ^i2irnx 



and then 



oo i2irnx '—itpx 



(A.4) 



E ~ , (A.5) 

^ 27rn + ip 



V — = — . (A.6) 

^ 2vm + 1 - e-w v 7 



If we put x = e in (|A.6|) , we just obtain the formula. Also we can write ( |A.6|) to the form 

£,i2nnx gi(l/2— x)i, 

lim + (p 2 sin ^ 



which is the formula used in 14 . 
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B The Proof of ( ggj ) 



We define symbols; 



N a-1 

A=niK^-^)> 

o=0 /3=0 
JV /3-1 

^(«) = n n - ^) , 



(B.l) 



where A is the iV + 1-th Vandermonde's determinant and A(a) is N-th one omitted 9 a . 
Then the relation 



N 

n 

5=0 



0, 



-1) C 



A(«) 



holds. Thus the left-hand side of (|4.21|) is 



N 

E 



1 n /3=o 



N l 1 
^ - - 

a=0 II /3=o (#/3 - da) 11/3=1 (#/3 - #o) 

Pita 

f (-1)"A(«) 1 

a=0 



1 

A 



a n?=i - O ) 
1 1 ••■ 1 



1 1 

6 9i 

61 6\ 



et 1 



N-l 



1 



7/V 



3 JV-1 
'AT 



11/3=1 



(B.2) 



El/Li - #0 ) 

(r.h.s. of (4.21)) 



(B.3) 



C The Proof of the Closedness of uj 



From the property of projection, P 2 = P, the symplectic 2-form is written by 



uo = tr(PdP A dP) = tr(PdP A dPP) . 



(C.l) 
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The exterior derivative of it then becomes 



du = 2tr (PdP A dP A dP) 

= 2tr(PdP AdPA dPP) , (C.2) 

where P 2 = P has been used in the second equality. Further multiplying P to dP = 
PdP + dPP, which is the exterior derivative of P = P 2 , we obtain 

PdPP = , (C.3) 



and its derivative, 



PdP A dP = dP A dPP . (C.4) 



Then (|C.2| ) becomes 



duo = 2tr(dP AdPA PdPP) 

= , (C.5) 

where (|C.4j) has been used in the first equality and (|C.3|) has been applied in the second 
equality. Thus we conclude that the symplectic 2-form uj is close. Note that the proof is 
global since no any local charts do not appeared in it. 
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